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Abstract 

Sachs has derived quaternion field equations that fully exploit the un- 
derlying symmetry of the principle of general relativity, one in which the 
fundamental 10 component metric field is replaced by a 16 component 
four-vector quaternion. Instead of the 10 field equations of Einstein's 
tensor formulation, these equations are 16 in number corresponding to 
the 16 analytic parametric functions dx^ /dx v of the Einstein Lie Group. 
The difference from the Einstein equations is that these equations are 
not covariant with respect to reflections in space-time, as a consequence 
of their underlying quaternionic structure. These equations can be com- 
bined into a part that is even and a part that is odd with respect to spatial 
or temporal reflections. This paper constructs a four-vector quaternion 
solution of the quaternionic field equation of Sachs that corresponds to a 
spherically symmetric static metric. We show that the equations for this 
four-vector quaternion corresponding to a vacuum solution lead to dif- 
ferential equations that are identical to the corresponding Schwarzschild 
equations for the metric tensor components. 

1 Introduction 

This paper develops a solution of the quaternionic metrical field equations of 
Sachs PP, [5] ,[3] corresponding to the Schwarzschild solution in ordinary general 
relativity. In analogy to Dirac's idea of taking the matrix square root of the 
Klein Gordon equation and with it important predictions for the electron, Sachs 
used quaternions to take the square root of the metric condition!?] 

dr 2 = -g^dx„dx v . (1) 

In a similar manner, Sachs uses quaternions to factorize the Einstein equation, 
in effect, taking its matrix square root. We begin with a review of the key 
assumptions and intermediate steps he took in deriving his quaternionic metrical 
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field equations before presenting our new result. Our review is taken from his 
books and key articles. In Sec. 1, we review the connection between what 
he calls the Einstein group and the role of quaternions. In Sec. 2 we give 
the connection between the metric and four-vector quaternion functions. In 
Sect. 3 the derivation of the spin afhne connection is reviewed and in Sec. 
4 the connections between the spin curvature tensor and Riemann curvature 
tensors are established. Then in Sec. 5 Sachs' quaternion field equation is 
developed. In Sec. 6 we construct a four-vector quaternion that corresponds 
to a spherically symmetric static metric. We then show that the equations for 
this quaternion corresponding to a vacuum solution lead to differential equations 
that are identical to the corresponding Schwarzschild equations for the metric 
tensor components. 

2 The Einstein Group and Quaternions 

As with Einstein's original form of the general theory of relativity, Sachs' met- 
rical field equations are based on the fundamental axiom of the principle of 
relativity which is 'general covariance'. General covariance is the assertion that 
all laws of nature must be independent of the frame of reference in which they 
may be represented. Sachs' 'Einstein group' refers to the group of all analytic 
transformations between the space and time coordinates of all possible frames 
of reference [SJ. The space-time transformations of the Einstein group are char- 
acterized by the set of continuously distributed derivatives dx^ jdx v = x^ ,„. 
These 16 parametric functions are the rate of change of the space-time coor- 
dinates in one frame, , with respect to those of another, x v ', where fi, v = 
0,1,2,3 are the temporal and three spatial coordinates. He states that the 
significance of this number is that there must be 16 independent field equations 
to prescribe the space-time. He introduces four vector quaternion functions 
qP(x), with each of the four vector components being a quaternion rather than 
a real number field to embody the 16 component metrical field [5]. He then 
argues that the corresponding independent field equations should also be 16 in 
number. 

The Einstein group is a symmetry group of general relativity and is defined 
as the set of proper transformations that leave invariant the metric condition Eq. 
([!}, excluding time reversal and parity inversion. This set of continuous and 
analytic transformations also preserves the forms of the laws of nature. Sachs 
asks the question why the Einstein equations are 10 in number rather than 16. 
His answer is that the form of these equations are more symmetric than they 
need be in accordance with the 16 parameter Einstein group. They are not only 
covariant with respect to continuous transformation, but are also covariant with 
respect to discrete reflections in space and time. The latter is not an absolute 
requirement. Sachs demonstrated with the use of the four-vector quaternion 
functions q^{x), how, in effect, the Einstein equation can factorize into two 
equations, neither of which by itself is reflection symmetric or antisymmetric [6 . 
How does this come about? 
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First one recalls that the irreducible representations of the proper Poincaire 
group of special relativity obey the algebra of quaternions. (Related to this is 
the well known fact that one cannot produce parity inversions, reflections, or 
time reversal by using the Pauli matrices as generators) . Sachs points out that 
the irreducible representations of the Einstein group of general relativity also 
obey the algebra of quaternions. 

Let us recall some elementary properties of quaternions. Recall that 
Hamilton[7] introduced them as generalizations of complex numbers from a 
two dimensional space to a four dimensional space. 



Q = lx 4 + \x l + )x 2 + tx 3 , 

x i 1 x 1 1 x 2 1 x' i real, (2) 

Their conjugates are 

Q = lx 4 - ix 1 - )x 2 -fee 3 , (3) 



so 



and requiring 
implies 



and 



Closure implies 



i = —i 
) = -j) 

I = -t (4) 
QQ = (x 4 ) 2 + (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 , (5) 



i 2 = -1, 
t = -1, 

« 2 = -1, (6) 



ti= -it (7) 



fii= j = -it, 

it = t=-«j. (8) 

Since Pauli matrices satisfy 

(TiUj = SijCTo + isijkcrk, (9) 
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they can be used to represent quaternions if one chooses 



1 



CO; 

i = -«<ri, 
j = -*o- 2 , 
t = -io- 3 . 



In compact form 



= —ia^x^ = ((TqX A — icr ■ r), 



— Z<74 = O"o 

with a space conjugate form 



1 
1 



Q = aox + icr ■ r, 



and 



QQ = 4 ) 2 + r 2 . 
Hamilton, of course, had no empirical reason to choose 

x = —ix = —ict. 

With that choice, motivated of course by special relativity, 

Q = (<JqX — icr ■ r) = — i(aox° + er ■ r) = —ia^x 1 *, 

and the invariant metric is3 

{x°f -r 2 = -QQ = -x 2 = - %v x»x», 

where 



-ix^a^ = — > 



(10) 



(11) 

(12) 
(13) 

(14) 

(15) 

(16) 
(17) 



Another way of writing this quaternion is to introduce the time conjugate 
operation 



l&2 



= eQ*e, 

1 
-1 



(18) 



In that case 



Q = ix^a^, 
cr, = cr, . 



(19) 



Our Minkowski metric is r) 00 = —1, r? 1:L = rj 2 2 = W33 = 1 >Vnu = 0, fi u. 
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Then 

gQ = //a^, = // V . (20) 
The simplest quaternionic four vector is the set of four constant matrices 

Qti = <V> M = 0) 1,2,3. 

% = (21) 
The Lorentz transformation matrix coefficients a^, are restricted by 

V^K' a !v = V K >\> = Vk\> ( 22 ) 

which gives 10 conditions on otherwise 16 independent spacetime independent 
elements a^,, so that, including four space-time translations the Poincaire' group 
has just 6+4=10 independents elements (parametrized additionally by three 
Euler angles and three boost velocities). Thus 

dr 2 = -r] lxu dx ti dx v dr' 2 = -rj flu a^a' / x dx K dx x = -<q KX dx K dx x = dr 2 . (23) 

In contrast, the Einstein group entails 16 instead of 10 independent spacetime 
dependent parametric functions since in general 

g^x*,* x v x , = g K '\' ^ g K \, (24) 

and therefore, unlike Eq. (j2"2")l . does not restrict the x^ K , (in case of Lorentz 
transformations one has x^ K , = octi) and of course 



dr 2 = -g liV {x)dx^dx u = -g^x)^,^ x\,dx' x dx' K = -g' KX {x)dx' x dx' K = dr' 2 . 

(25) 

In analogy with Dirac's idea of taking the square root of the Klein-Gordon equa- 
tion by introducing matrices, Sachs came upon the idea of taking the square root 
of the metric and, in a sense, ultimately of the Einstein equations themselves 
by using quaternions pQ- [3]. He does this by introducing 

dS =q fl (x)dx fi , (26) 

as a matrix square root of the squared line element instead of ±V '—dr 2 . 

The quaternionic function q ll {x) has both a vector character and a second 
rank spinor character. That is, one can view it in terms of its transformation 
properties as the outer product of two two-component spinors ~ {w an d 
so it transforms as a combination of a four vector (first rank tensor) and as a 
second rank spinor under the Einstein group, 

q' y (x')=x", y S(x)q v S- 1 (x), (27) 

where S(x) are the spinor transformation matrices for the Einstein group. 
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3 Square root of the metric condition. 

In addition to Eq. (|26[) Sachs introduces the time conjugate line element 

d5=^ (aj)dor' 4 , (28) 
where, as in Eq. (|18[) . the quaternionic conjugate is defined by 

q^x) = sq;(x)e. (29) 

Then 

dr 2 = —dSdS = —q lJi (x)q u {x)dx^dx v = —aQg llv {x)dx p 'dx v 1 (30) 
implies [4], because of the symmetry in the differential indices, 

g^u{x)(To = ■z[q ll {x)q v {x) + q v {x)q^(x)]. (31) 

For Minkowski space, or in the local limit, g^ — > r/^ and q^(x) a^, as one 
can readily verify, 

V M u<TQ = -j\?^ v + a ^^- ( 32 ) 

One can see how the 16 independent quaternion components can be explicitly 
labeled by introducing the 16 real tetrads v^(x) with one Greek index in general 
space time and one Latin index in Minkowski space, 

q»(x)=r) ah a b v%(x) = q»(x)\ (33) 

with 

Ki x ) v b( x )9^( x ) = Vab, (34) 

and 

r, ab v£(x)vt(x)=!r. (35) 

As with Eq. (|3"Tj) . this can be viewed as giving 10 conditions on the 16 functions 
embodied in the 4 tetrads. The conjugate quaternion is given by 

r(x) = eq»(x)*e = il ab B b v^(x) = q^{x)^ . (36) 

The Minkowski limit is defined by 

v a »(x) ->■ ?7 aM . (37) 

Using Eq. (|33 ]) . ([36 | . and 

Tra a a b = 2r] ab (38) 

one can show that 

Trq»(x)q v (x) = 2g" v (x). (39) 
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4 The Spin Affine Connection 



Just as a vector field's covariant derivative requires the introduction of the 
affine connection V^ v 

^ftv — 9 ^^crfiu — —Z-{9ua,n + 9\ia,v — 9liv,o) = T^, (40) 

so a spinor field requires the introduction of the spin-affinc connection [5]. Both 
affine connections are due to the nonlinear space-time. It is important to note 
that the introduction of the 2x2 matrix structure of the quaternion implies 
a spinor vector space upon which it can act, with two component spinors as 
elements, 

Vi 



n 



(41) 



Just as a four vector V ll {x) under the Einstein group transforms as a first 
rank vector, 

V»{x) -> V"'(x') = x*' w (x)V^(x), (42) 
so the spinor r](x) transforms as a first rank spinor, 

7](x) r/(x') = S(x)rj(x). (43) 

One thus anticipates a covariant derivative of the form 

= V,» + r W (44) 
This becomes more clear by making explicit the spinor index 

c = < , (45) 

in analogy with the way in which the ordinary affine connection modifies the 
gradient of a vector to produce a covariant derivative, 

v^ = v; + r; x v\ (46) 



One finds fJ^ [8] by noting that just as the metric has a zero covariant 
derivative, g^-\ = 0, so q 1 ^ — — q^ because of the connection (|31[) between q 
and g or that in the local limit q^ x — > a^ x = 0. That leaves open the question 
of how to define the covariant derivative of an object that is at the same time 
a vector and a second rank spinor. 

One expects that, in analogy to the expression for the covariant derivative 
of an ordinary third rank tensor, 

rpl-llSK rpi-LUK _|_ p/^ rpTfUK _j_ pZ> ^p/17/K _|_ pK rjiy,VT\ (47) 

that 

q ^p = + T ^ qTa p + Q a xq ^p + gvnn*^ (48) 
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or[5] 

$ = g", A +fW + q»n{ + r^ x q T = 0. (49) 

Contract with <p, 

= g M (^ >A + g"n A + r? A <f ), (50) 



and use 

and 

Hence 



Af" = 4A°a = 2TrA, (51) 
Ae + eA T = 2eTrA. (52) 



ilxe + eill = eTrfl x . (53) 
Now since e is a second rank spinor tensor like q we have 

£;A = o = e, A +n x s + snl = o A£ + eiil. (54) 

Thus, from Eq. ([52)1 

TrQ,\ = 0, (55) 

and from Eq. (|5ip 

?„n A ^ = 0, (56) 

so that[S] 

^ = s(fii)%=^ E£ (^, A£ + r^e) = i^(r,A+r^ A r) ! (57) 

Taking the adjoint, gives us the two additional forms 

^ = -^A+r^kV (58) 

5 The Riemann Curvature Tensor, the Spin Cur- 
vature Tensor and Their Relation 

For an arbitrary first rank tensor A v the mixed second covariant derivatives do 
not commute, with their difference 



Ap-p-a A v - a - p — (T ucr ,p r^p,(j )A K + (r^r^ T vp Y K{T )Ax 

^i/crp^A R\ya pA , 

defining the fourth rank mixed Riemann Christoffel curvature tensor. 



nA pA _ pA , p K pA _ p K pA /rq\ 

'Vpa vt,P up, a ~ x va 1 - up x v p*~ kct' V""^ 
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In analogy to this use the fact that rj. — r), p +Cl p r) is both a first rank tensor 
and a first rank spinor from which one obtains 



= <q, p ,x +tt p! \T) + £l p T),\ -FpX +^uV) + fl\ (Vip +tt p r)) , (60) 

and so [5] 

1;p;X '/:A:,. = [ty=»A +^X^p ~ ^X,p -^p^x]V 

K Xp = n p ,x+nxn p -nx, p -n p nx. (6i) 

Kxp denotes the spin curvature tensor. Similarly 

k[ p = nt iA + ot t_ t )p _Qt fi t. (62) 



Note that from Eq. ([57]) 

eK* Xp e = e(Q p ,xs - ^erf^e - ett^e + e%eeW x e) = K{ p (63) 

Appendix A demonstrates, by using the above two connections between 
mixed covariant derivatives and the spin curvature tensor, that{8 

Kpxqp+q^K^ = -R KfJ , p \q K , 

Klx% + % K P\ = Rnp P xq K - (64) 



Given the forms in Eq. ([61]) , (|62|) and (|57H58|) on the one hand and Eq. (|59|) on 
the other, this equation is plausible because of the connection between the metric 
and the quaternions given in Eq. pip and the fact that the curvature tensor 
on the right hand side involves first and second derivatives of the metric tensor 
through the affine connection while the spin curvature tensor on the left hand 
side involves first and second derivative of the quaternions q p and q p through 
the spin affine connection. As far as we have been able to determine, however, 
there has been no published proof of Eq. (|64[) by manipulations involving traces 
say of the sorid 

- \-Tr[{K p xq p + q^K^)^} = ^-R Kp , p xTrq K q rl = R vpp x- (65) 



2 The missing technology appears to be the analogue of the traces involving 4 and 6 gamma 
matrices when derivatives are involved. One could mimic the gamma matrix proofs by use 
of the tetrad relations in Eq. (133 I t and Eq. (1361 . but the expressions involving the derivatives 
of the q's in the expression for K complicates attempts to show explicitly that evaluation of 
the left hand side of Eq. J65H yields the right hand side. 
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Let us multiply the first of Eqs. by on the right and the second by 
g M on the left and add the two expressions. One obtains 

K p xq„r + q^<Ur + + q»q»K pX = R KppX {q»q K - q K q»)- (66) 

To simplify this one uses q^Aq p = 2TrA, q^q p = 1Tr\ = 4, TrQ x = and 

TrK\ p = Tr[d x n p + n x n p -d p n x -n p n x ] 

= Tr[d x n p ~d p n x }=d x Trn p -d p Trn x =0. (67) 

Hence one finds that the following simple connection between the spin and 
Riemann curvature tensor, [8] 

K pX = ^R Xp ^q K , 

*U = lRx Pm q K q^ (68) 

Even though these two equations as the two in demonstrate formally the 
connection between the spin and Riemann curvature tensors there has been 
no verification of their equivalence by using just the definitions of K in terms 
of f2 and ultimately q and its derivatives. We will not attempt this here. 
Instead, we shall concern ourselves with finding a solution to the quaternionic 
field equations. 

6 Sachs' Quaternionic Field Equation 

The Einstein equation is written in terms of the symmetric Ricci tensor 

Ru K = R KV = K KX g^ = Rt KIV (69) 

and the scalar curvature, 

R = g VK Ru K = R K K - (70) 

In the presence of matter or electromagnetic fields, it is 

G »v = RlJ ,v _ Ig^R = -totT"". (71) 

The source term T Ml/ , corresponding to the density and flux of nongravitational 
energy and momentum, must satisfy 

rr p = o, (72) 

as does 

= (73) 
corresponding to the contracted Bianci identity. 
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As is well known [5], the Einstein equation also follows from the action prin- 
ciple applied to 

1=1 C E d 4 x, (74) 
in which the Lagrange function is 

C E =9^R^^9 (75) 

where g is the determinant of the metric tensor. Including matter terms Cm 
and applying the action principle to Ce + Cm gives Eq. (|7T|). Sachs derives 
his quaternionic field equation from a similar action, but with a quatcrnionic 
version of Eq. (1751 . 

To find the quaternionic version of R he shows first (see Appendix A) that 

voRynpx = -^[q-tKpxq^ + q^q^lx - K lx^li ~ q~n K p\q~t\ = K lppX 

<JqR pp = a n g lX R lppX = -^[q X K pX q p + q x q p K f pX - K f pX q p q x - q p K pX q x ] = K pp , 

a R = g^a Q Rp P = -l[q X K pXq P + q x qPKl x -Kl x qPq X -q P K p xq X }=n. (76) 

We stress the difference between the number field forms on the left hand side 
and the quaternion field forms on the right hand side by the use of Roman and 
script variables. Taking the trace of the scalar curvature, 

R = \TrTl = -Tr[q x K pX qP + h.c.]. 

For the Lagrangian density Sachs thus uses, in analogy to Eq. (|75l) . 

C E = (TrllK-g) 1 ' 2 = ±Tr{q x K pX q» + h.c^-g) 1 ' 2 . (77) 

Sachs derives his quaternionic form of the metrical field equations in which 1Z 
is regarded as a function of g M and g M by way of the right hand side from 



{Tr[Jl(q»,r 



n p ,Cll)} + C M }(-g) 1/2 d 4 x, 



Cm = (matter and electromagnetic contributions). 



(78) 



As with the method devised by Palatini in which the form of the affine connec- 
tion is not assumed but instead an outcome of the equations of motion, so the 
spin affine connection tt p and its relation to the derivatives of q is an outcome 
of the equations of motion. This is accomplished by regarding fi as an inde- 
pendent variable. Using the Palatini- like method, in which Ce depends on the 
spin curvature K pv only through £l p ^ one finds 



Ce^x 



dCt 



dK p 

on 



0. 



{?? - = 0, 



(79) 
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which in turn leads to the relation derived above 

nx = -\(q> 1 ,x+K x q T )q», (80) 

between and the quaternion q M , its derivatives and the affine connection. 
Having established this, using the general relativistic Lagrange equations of 
motion, 

dL 

SAW 

and K p x = — K\ p leads to [5] 

\[-{Ky X + ? K *) - ^pH-5) 1/2 , 
\[{K pX q* + q*Kl x ) - l -n qp ]*{-g)^ (82) 

and so 

l { K pXq * + q*Kl x )-\n qp = - 9 -^ = kT p , 

-±(Kl xq x + q x K pX )-±K qp = kT p = keT;e. (83) 

Using Eq. (|63j). one sees that these two equations are quaternionic conjugates 
of one another. Each of these equations transform as a vector quaternion with 
16 independent components. Either of these nonlinear second order partial 
differential equations is sufficient to determine fully the 16 independent parts of 
the quaternion q^ix) given appropriate boundary conditions. It is appropriate 
to call this equation and its conjugate the Sachs equations. But before we go on 
to construct a quaternionic solution to these Sachs equations let us make some 
remarks about their intrinsic lack of either time reversal symmetry or space 
inversion. 

Recall that quaternionic conjugation Eq. (|29[) is equivalent to time reversal. 
The two equations in (|83|) are therefore temporal reflections of each other but 
are distinct and independent. One could likewise show that in Eq. (|83|) the two 
equations are spatial reflections of one another. The separation into conjugated 
field equations appears because of the lack of reflection symmetry in the Einstein 
group. These two equations, from a mathematical point of view, are analogous 
to two complex equations, say f(z*, z) = and f[z, z*) — 0, which are complex 
conjugates of one another assuming / is a real function. These are similar 
to what Sachs has with the two equations in (|83p which are the quaternionic 
conjugates of each other. Since quaternionic conjugation is the same as either 
spatial or temporal inversion, his equations go into each other under either parity 
or time reversal. One could obtain an even parity equation from Eq. (1831) by 
adding the two equations, in analogy to using the real equation f(z*,z) + f(z,z*) 
instead of the separate complex equations. Likewise one could obtain an odd 



dC 



dA 



(81) 



d q P 
dC E 
daP 
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parity equation from Eq. (153")) by subtracting the two equations, in analogy to 
using the imaginary equation f{z*, z) — f(z, z*) instead of the separate complex 
equations. Note this absence of reflection symmetry of each of the two equations 
in is, however, not the same as parity or time reversal violation in a single 
equation because the physics involves not just one of the equations, but both. 

7 An Exact Solution to the Vacuum Sachs Equa- 
tion. 

The most well known solution of the Einstein equation is the Schwarzschild 
solution. It is an exact solution. In this section we will demonstrate a similar 
exact solution to the Sachs equation ([83]). But first, we review the standard 
form of the Schwarzschild solution of the Einstein equation in a vacuum with 
spherical symmetry and static conditions . Let 

x° = t, 
x 1 = r, 



x 2 



x 3 



Using Dirac's form of the metric, [9], 



dr 2 


= e 2v dt 2 -e 2X dr 2 - 


goo 


= -e 2lJ = l/q m 


9u 


= e 2 * = W\ 


922 


= r 2 = l/g 22 , 


933 


= r 2 sin 2 9 = 1/g 33 . 


9ia> 


= 0, fi ^ V. 



\dQ 2 +sin 2 Qd<\> 2 ), 



Recall that 



2 

The only nonzero T's are [5] 



1 oo — ^ e > 1 10 ~ v i 

pi \' p2 -p. 

1 11 — A > 1 12 — 1 13 

T\ 2 = -re- 2 \ i1 3 = cot< 



3 _ „-l 



r 



(84) 



(85) 



FJL — -^-(flW./u + 9na,u - 9 hum) — (86) 



Tl 3 = -rsin 2 6» e - 2A , Tj 3 = - sin 6 cos 6. (87) 

With 

d pA pA i pK pA pK pA /'QQA 

n-uv — I u xkj 1 va ,\ -tl va l K \ — 1 VK 1 a \, [oo) 
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the vacuum Einstein equation R va = are the Schwarzschild equations: 
i?oo = (-u" + X'u'-u' 2 -^)e 2v - 2X = 0, 

R u = i/'-AV + z/ 2 - — = 0, 

r 

R22 = (1 + rv' -r\')e- 2X -1 = 0, 

i? 33 = i? 22 sin 2 = O. (89) 

These lead to 

A' = -u\ 

u" + 2v 2 + — = 0, 
r 

(1 + 2rv')e 2u - 1 = 0. (90) 

They are sufficient, together with matching at large r onto the Newtonian form 
to determine the solutions, 

.900 = + 

r 

g n = e 2 ^ 1/(1-^) =l/g 1 \ 
r 

922 = r 2 = l/g 22 , 

g 33 = r 2 sm 2 6 = l/g 33 . (91) 

in which r s — 2GM is the Schwarzschild radius with G the gravitational con- 
stant and M the gravitating mass (we use units with c = 1) . 



We consider the quaternionic four- vector equation given in Eq. (|83j). the 
Sachs equation. The vacuum form of this equation ia^| 

\(K pXq x + q x Kl x )- l -Kq p = (92) 

Now, we seek to find the quaternionic solution of the Sachs equation correspond- 
ing to the above metric. Consider the ansatz 

q = e v , q° = -e~ v , 

qi = x ■ cre A , q 1 = x • cre~ A , 

- 2 d <T 

q 2 = rd ■ er, q — 



r 



q 3 = smOr^-a- q 3 = (93) 

sin Or 



3 Stricltly speaking we are solving the equation for r 7^ or outside the source and matching 
the solution to Newton's for large r. Sachs points out [3] that the Schwarzschild solution 
should be a valid approximation for a bona fide nonlinear solution of the full non- homogeneous 
Einstein equation, though this has yet to be demonstrated analytically. 
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They are plausible since they satisfy 

q»q u +q v q» =2gt a/ a . (94) 

However, this does not necessarily imply that these satisfy the Sachs metrical 
field equation ([55]) . Eq. parametrizes the tetrads of Eq. (f55|) by 



v° (x) 
v\{x) 

4{x) 

dw rsmtf 
v£(x) = 0, v^a. (95) 



e , 
1 

5 

r 

1 



To compute the terms of the Sachs equation (|85j) consider first 

K pX = n p , x +n x n p -n Xip -n p n x , (96) 

where 



n X = -\(q^ X +T^)q p . (97) 



From this we have 



V P ,X = -\d x [(q^ p +Y%q T )q p ] 

= -J[(^,p,A+r^, A g T + r^, T )^ 

+ (q^ P +T%q T )q^ X }. (98) 
Now, for the static case, there is no time dependence so that 
Kqi = Qq.i + QiQq — QoQi. 
n = -^T^q T q p , 

Ml = -\(q^l+Kl1 T )^ (99) 



and using the only nonzero components of the affine connection from Eq. ([87 
and the ansatz Eq. (|93|) we find 



n = 


4 r r09 Qm = 


fii = 




^2 = 


-\(q^2+K 2 q T )q, 


Q 3 = 


-l(q^ 3 +T%q^ 



% >- -A 



,y -e- A )0-<T, 

-l(l-e- A )sine 
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Thus 



Kqi — "Oil +"i"o ~ s2o"i - 



Kq 2 — ^0 7 2 +^2^0 ~ ilo^2 



2 

v'6-ae v - 2X 



'sin0e"- 2A 



2 

if 12 = f2i,2 +^2^1 - ^2,1 -^1^2= ^-e _A 0-cr ! 

X 13 = ni, 3 +fi 3 fti -O3,i-^ifi3=^A'e- A sm06»-(T, 

^23 = n 2 , 3 -n 3 , 2 +n 3 n 2 -n 2 n 3 = - lsm9 *' (T (i- e - 2X ). (ioo) 



For our quaternionic ansatz (|93|) we use these expressions for the spin cur- 
vature tensors. Omitting details we obtain 

K 0X q X = Koiq 1 + K 02 q 2 + K 03 q 3 

= ^-K-AV + 2 ,' 2 + ^] = (W) t = g A 4A: (ioi) 

and 

iflA^ = ^109° + K 12 q 2 + K 13 q 3 

p — A 0\' . 

= —[v" - AV + */ 2 - ^]x- <r = ( W) T = q X Kl, (102) 



and 



^2A9 A = K 2Q q" + K 21 q Y + K 23 q 



= ^-[^-A'-^ r -^]0- < r=(W) t =5 A 4A. (103) 

and hnally 

^3A9 A = K 30 q° + KW + K 32 q 2 

sin6>e~ 2A r , , (e 2A - 1) ~ , x + , 

= g {V ~ A r V ' CT = ( 3A9 ) = <Z A ^a(104) 

To complete the remainder of the Sachs equation we need to evaluate the 
quaternionic version of the scalar curvature, that is, 

K = -^{q X K pX q? + q X q P Kl x - K\ x qPq X - q p K pX q X ]. (105) 

Consider 

q X K pX q p = -q"K pX q X = q°K p0 qP + q l K pl qP + q 2 K p2 qP + q 3 K p3 q". (106) 
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Using Eqs. (fTU2j) - Eq. (|TT)3j) we find 

q°K p0 qP + q X K pX q" + q 2 K p2 qP + q 3 K p3 qP 
= e- 2X [-v" + -v 12 - 2(i/, ? 7 A/) +^(e 2A ~l)] (107) 
Next, consider 

K pX qPq X = K p0 q p q° + K pl q p q 1 +K p2 qPq 2 + K p3 qPf 

p u - 2X 2;/ e~ x 2\' 

= -%—\v" - AV + */ 2 + — }f - e —[u" - AV + v 12 - — ]x • rrq 1 
2 r 2 r 

-" a * , , (e 2A -l) ia _ 2 S inge- 2 \ , , (e ax -l) l3l _ 3 
v — A J0 • erg [i/ — A J<p • crq 



2 

e- 2A [-," + AV - ,' 2 - ^— ^ + ^f*>] = g~V^ A = w> 



(108) 



and similarly 



Now 



K p0 qPq° + K^qPq 1 + K^qPq 2 + K^qPq 3 . (109) 



Ko9 P = K\ Q q l + Klq 2 + Kl Q q 3 



\v - \ v +v H 1 

r 



K\ x qP = Klq° K\ 2 q 2 K\ 3 q 3 
= K w q° + K 12 q 2 + K 13 q 3 



e 



-x 



2X\ 



— y -\' v < + v ' 2 -— lx-o-, 

2 r 
^ 2 9 P = ^ 2 9° - K^q 2 - K\ 3 q 3 

= K 20 q" + K 21 q 2 + K 32 q 3 

„-2A i 

1 ' 2A 



[z/-A'--(e 2A -l)]0-<r, 



2 r 
= K 3Q q° + K 31 q x + K 32 q 2 



\v' - A' (e 2A - 1)10 ■ er. (110) 

r 
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and so 

= — — \v -\v + v H N — f -Ay +1/ 

2 r 2 r 

- A' - - 1)] + ^ - A' - ±(e 2 * - 1)]0 • or 



2z/ 2A' 1 

r r 



(Ill) 

Thus, we have 

n = -\[q X K pX qP + q\ P Kl x -Kl x qPq X -qPK pX q X ] 

= _i{ e -2A[_ 3l // + 3AV _ 3^2 _ 6 V - A ') + 3 (e 2A _ 1}] 
2 r r 

-e- 2 V - AV + */ 2 + — - — - -(e 2X - 1)]} 

r r r 

= -2[e- 2X [-u" + AV - */ 2 - (2i/ ~ 2V) + ^(e 2A - 1)]. (112) 

Note this agrees with the scalar curvature obtained from Eq. (|89|) as could be 
anticipated from Eq. f I76[) . So, now we are in a position to consider each term 
in the Sachs equation for p = 0, 1, 2, 3. We obtain 

\{K 0X q x + q X Kl x ) - l -Tlq = l -(AKvxq X - TZq ) 



e 



>-2\ 



- + ^(e 2A -l)]=0 



8 r r 

\{K lxq x + q x K\ x ) - ^n qi = i(4/W - n qi ) 

y l + -{e 2X - 1)] = 0, 

8 r r £ 

\{K 2X q X + q X Kl x ) - ^Kq 2 = \{±K 2X q x - Kq 2 ) 

r -^—e ■ tr\-2v" + 2AV - 2*/ 2 - 2(t// ~ y) ] =0, 
8 r 

\(K 3X q X + q X Kl x ) - ±Kq 3 = ^(4K 3X q X - Kq 3 ) 



= r sing£ " A ■ + 2AV - 2z/ 2 - " y) ] = 0. (113) 

8 r 

The general case, in which each of the four quaternions q^{x) has four compo- 
nents is a much more complicated set of 16 coupled highly nonlinear equations. 
In the case of Eq. (|113[) each of the four quaternionic Sachs equations has only 
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one component, not four. This simplicity is not surprising since our quaternionic 
ansatz Eq. (l93l) has a similar property, that is each of the quaternions has only 
one component. In summary these four equations give the three independent 
equations 

0, 

0. (114) 

Subtracting the first two equations in the above set and substituting in the last 
two we obtain 

v' + A' = 0, 
-Irv'e^ + (1 - e 2l/ ) = 0, 

_ ! /'_2 ! / 2 - — = 0. (115) 
r 

Thus we get agreement between the Schwarzschild metric derived directly 
from the standard Einstein equation and from Eq. (|93|) together with the Sachs 
equation (|83| . 

8 Summary and Conclusion 

We have presented an in depth review of Sachs' early work pQ on his quater- 
nionic field equations of general relativity, culminating in the Sachs equation 
and its quaternionic conjugate given in Eq. (1831) . Since this equation is of the 
form of a four-vector quaternion, it is a 16 component equation with the correct 
number of components to solve uniquely, given the appropriate boundary con- 
ditions, for the 16 components of the basic quaternionic four vector q^{x). The 
new result we present in this paper is an exact solution of this equation cor- 
responding to the static, spherically symmetric conditions that Schwarzschild 
used in his derivation. The quaternionic four vector q ,1 {x) that we found in 
Eq. (|93)l constructs the metric via Eq. (j3"T1) and using the Sachs equation (|83j) 
leads to differential equations in terms of the parametric functions v(r) and 
A(r) that agree with those obtained in Schwarzschild's treatment of the Ein- 
stein equation. The Sachs equation (|83p is, as mentioned in the introduction, 
a factorized version of the Einstein equation. In [T]- [3] Sachs claims that 10 of 
the 16 equations can be brought to symmetric tensor form and therefore identi- 
fied with with gravity (Einstein's equations) and that 6 of the 16 equations can 
be brought to an antisymmetric tensor form and thus be identifed with elec- 
tromagnetism (Maxwell's equations). (See appendix B). However, in our view, 



■" + AV - v n - { - - X ' ] = 
r 
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solving the Sachs equation, which has the same number of components as q^ (x) , 
is more direct and economical than solving either of the above two factorized 
combinations. 



A The Spin Curvature Tensor and the Riemann 
Curvature Tensor 



Here we review the Sachs derivation [T]-[3],[8] of the results given in Eq. (f76|) . 
Recall g^ x = = [q^{x)q tl {x)]. x implies q^(x)-x = 0. Also, recall that in terms 
of its transformation properties, the quaternion g M ~ (w )^ so 

= q^-p-x - q^x-p = [(V; P ;x ~ V ; x-,pW + ffajp;* ~ rfx-.p)} 

+([q K p-,x] - [q^x-J), (A.i) 

in which the last term refers to difference between covariant derivatives of 
as a four vector only. That should be given in terms of the Riemann curvature 
tensor by 

[q K p-,x] - [q»;X;p] = R K »p\q K • (A.2) 

Hence 

[(V;p;X - V;\;pW]li + [v(v]p;X ~ V-X;p)]v 

= —Rn^pxq 1 ^ 

-> Kp X qp+q^Kl x = -R K pp X q K (A.3) 



Similarly we find that 



Now 



+ ^ k p x = R ^ P \q K - (A.4) 



= q-tKpxqp + q 7 q^K f pX - K^q^ - qpKpxq-f = -R K p P \{q 1 q K + q K q 7 ) 
= -2a R Kfi px5';, (A.5) 

and so we have the following relation between the Riemann curvature tensor 
and the spin curvature tensor, 

croRjppX = TjiqpKpxq^ - q~/K pX qp - qjqpK f pX + K^q^]. (A.6) 

We distinguish between the right and left hand side by defining the quaternionic 
Riemann curvature tensor 

Tl lw x = ]^[q^Kpxq 1 - q~fKpxqp - q 7 qpK f pX + K^q^]. (A.7) 
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Although formally the two fourth rank tensors i? 7PP A and IZ^ppx should be 
equivalent based on Eqs. (|A.HIA.3|) . direct verification with use of iust Eg. (l3Tj) , 
(foTj) . (I57H58[) and connections has not been determined in published papers. The 
Ricci tensor is obtained by 

(T g~ /X R 1 ppx = <T Q Rp P = ^[q^K pX q X - q X K pX qp - q X qpK f pX + K f pX q p q x ] = Tl w , 

(A.8) 

and the curvature scalar by 

a R = g^a R pp = l -[q p K pX q x - q x K pX q p - gV^A + K^qf^] = R (A.9) 

with IZftp called the quaternionic Ricci tensor and 1Z the quaternionic scalar 
curvature. 



B The Relation Between the Sachs equations 
and the Einstein and Maxwell Equations. 

The Einstein equations and the structure of the Maxwell equations can be re- 
produced from the Sachs equations by a process that begins with multiplying 
the first of Eq. on the right by q 7 and the second on the left by q 7 giving 

^{K p \q X q y + q X Kj >x q 1 ) - ^q p q.yTl = foF p g 7 , 
-(-q^q x K p x- q 7 K* x q x ) - -q^pU = kq^fp. (B.l) 
Adding and subtracting these produces 

\{K p xq x q 1 - q 7 q X K pX + q X K\ x q n - q^K\ x q x ) - ^(g P g 7 + <7 7 <7 P )^ = fc(-7><2 7 + ? 7 J>) 



^\ ±s -pXH Hi ^pX^H ^pX^l Hl^pXi I g \HpHf T H-yHp)'^ — ^\-> P y 7 T H~1 J pj) 

^(K p xq X q 7 + q~ t q X K p x + q X K^ pX q 7 + q 1 K' s pX q x ) - ^(q p q 7 - <7 7 <7 P )^ = fc(J>(? 7 - q-0$) 
Taking the trace of both equations 

Tr[K p x(q X q 7 - q^q X ) + K 1 pX (q 1 q X - q X q^)} - ^Tr(q p q^ + q y q p )Tl = AkTr{F p q^ + q^f p ), 
Tr[K p x{q X q 1 + q^q X ) + K 1 pX (q 1 q x + q X q^)} - -Tr(g p <? 7 - g 7 q p )ft = 4k(Tpq 7 - q^Tffi.3) 
Using Eq. fl3TJ leads to 

Tr[K p x{q X q 1 -q 1 q X )+Kl x {q 1 q x -q^q^-gp^TrU = 4fcTr(J r p g 7 + g 7 J" p ), 
2Tr\K pl + K^} - ^Tr(q p q^ - q 7 q p )K = 4A(^ p g 7 - q^&A) 
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Using, from Eqs. (|7S|) 



T^P. P = -\[q X K pX q^ + q X qpKl x - K ] pX q p q X -q p K pX q X ], 
TrK lp = ~Tr[K pX ( qi q X - q X q 7 ) + K^fy - q^)] = Tr R lp 



2 

TZ = <JqR, 
and that Tr{q p q 1 — q 7 q p ) = 0, we obtain 



R pi - t;9piR = kTr(T p q~, + q 1 F p ), 



1 

2- ( 

Tr[K pl + Kl] = 2kTr{F p q 1 -q 1 P p ). (B.5) 



The first equation is equivalent to Einstein equation. What is the structure of 
second equation? Define the antisymmetric tensor 

F P1 = Tr\K pl + Kl 7 ] = -T lp (B.6) 

It has 6 independent components. It is also the curl of a four vector 

Tfrf — Tr[K pl + h.c] = Tr[£7 p , 7 +Q 7 Q P — f2 7 , p — f2 p f2 7 + h.c] 
= Tr[Sl p , 7 — 7)P +h.c] 

— -4 p , 7 «A 7 , P (B.7) 

Defining a current by 

J" p7 . 7 = IkTr^fq 1 - q 1 ^).^ = f, (B.8) 

As a consequence of the antisymmetry we have that this current is covariantly 
conserved 

^ P1 : T ,p " J", 
And, since it also the curl of a four vector 

These equations have the derived structure of the Maxwell equations including 
the no magnetic charge and Faraday laws. However, the tensor J- pl is not 
equivalent to the Faraday tensor since from Eq. (l67|) we have that 

J~ p 7 — 0. 
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